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ON LOCAL POLYNOMIAL CONVEXITY OF REAL HYPERSURFACES
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Abstract. We discuss local polynomial convexity of real analytic Levi-flat hypersurfaces in Cn,
n > 1, near singular points.
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1. Introduction
Local polynomial and rational convexity (or lack of it) is an important property of real sub-
manifolds in complex Euclidean spaces that has many applications. It is well-known that any
totally real submanifold is locally polynomially convex, while most CR submanifolds of positive
CR-dimension are not. In this paper we give a characterization of local polynomial convexity of
singular real analytic Levi-flat hypersurfaces. We refer the reader to the next section for relevant
definitions.
Our main result is the following
Theorem 1. Let Γ ⊂ Cn, n > 1, be an irreducible real analytic Levi-flat hypersurface, 0 ∈ Γ.
Then the following holds:
(i) If 0 is a regular point of Γ, or is an unbranched Segre nondegenerate singularity, then Γ
is locally polynomially convex at 0.
(ii) There exists Γ ⊂ C2 with a two-branched Segre nondegenerate singularity at 0 that is not
locally rationally convex at 0. Furthermore, there exists a neighbourhood basis (Uk)k∈N of
0 such that for every k the polynomially convex hull of Γ∩Uk contains a full neighbourhood
of 0 in C2.
(iii) If 0 is a Segre degenerate singularity, then Γ is not locally rationally convex at 0, and the
rationally convex hull of any compact neighbourhood K ⊂ Γ of 0 in Γ contains a family of
analytic discs attached to K.
In particular, it follows from Theorem 1 that for any point p ∈ Γ, which is a unbranched
Segre nondegenerate singularity, there exists a neighbourhood K of p in Γ such that there are
no Riemann surfaces attached to K. We note that it is not true in general that a Levi-flat
hypersurface (even everywhere smooth) does not admit “large” holomorphic discs attached to
MSC: 32E20,32E30,32V40,53D12. Key words: Levi-flat hypersurface, polynomial convexity, rational convexity,
dicritical singularity
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it, as can be seen in the example of Γ = {(z1, z2) ∈ C2 : |z1| = 1}. The following corollary
characterizes locally polynomially convex points for a special class of Levi-flat hypersurfaces.
Corollary 2. Let Γ ⊂ Cn, n > 1, be a Levi-flat hypersurface such that its Levi foliation extends
as a singular foliation to a neighbourhood of a singular point p ∈ Γ. Then Γ is locally polynomially
convex at p if and only if p is a Segre nondegenerate singularity of Γ.
We remark that in dimension n = 2 a singular point of Γ is Segre nondegenerate if and only if
it is nondicritical, see [9], and so the above results can be reformulated using this terminology.
2. Background
In this section we briefly review some relevant terminology and refer the reader to [5], [7], [10],
and [9] for a detailed discussion of real analytic Levi-flat hypersurfaces.
2.1. Real analytic hypersurfaces. Let Ω ⊂ Cn be a domain. Consider a closed subset Γ ⊂ Ω
such that locally, in a neighbourhood U of any point q ∈ Γ, it is given by
Γ ∩ U = ρ−1(0), (1)
where ρ : U → R is a real analytic function. We call q ∈ Γ a regular point, if Γ is a real analytic
submanifold of dimension 2n−1 in a neighbourhood of q, i.e., a smooth real analytic hypersurface
near q. The union of all regular points forms the regular locus denoted by Γ∗. If Γ∗ is not empty,
then Γ is called a real analytic hypersurface in Ω. The set of regular points is open in Γ; its
complement Γsng := Γ \ Γ∗ is called the singular locus of Γ. The singular locus of Γ may contain
points where Γ is a smooth manifold of dimension less than 2n − 1 (the so-called stick if Γ is
irreducible). We emphasize that in this paper we ignore such points and simply call Γ∗ analytic
hypersurface, even if this set is only semianalytic. In other words, we identify Γ with Γ∗. From
the point of view of foliation theory, this is natural when one considers Levi-flat hypersurfaces,
and this is our main motivation. With this convention, the regular locus Γ∗ is dense in Γ.
We say that Γ is irreducible if it cannot be represented as the union of two real analytic hyper-
surfaces. In fact, our considerations are purely local and we consider hypersurfaces irreducible as
germs. We also assume that at the reference point, the defining function ρ from (1) is minimal in
the ideal of germs of real analytic functions vanishing on Γ, see more details in [9]. However, for
simplicity we will not use the terminology of germs in this paper.
Subanalytic sets are images of real analytic sets under proper real analytic maps. We refer the
reader to [2] for the theory of subanalytic sets.
2.2. Levi-flat hypersurfaces and the Segre varieties. A hypersurface Γ ⊂ Cnz , z = (z1, . . . , zn),
is called Levi-flat if near every regular point it is locally biholomorphically equivalent to a real
hyperplane
H = {z ∈ Cn : zn + zn = 0}. (2)
This local equivalence induces a foliation on Γ∗ by complex hypersurfaces, called the Levi foliation.
Equivalently, Γ is Levi-flat if the restriction of the complex Hessian of ρ to the holomorphic tangent
bundle of Γ∗ (the Levi form) vanishes identically.
For local analysis we may assume that 0 ∈ Γ and that ε > 0 is so small that the function ρ in
(1) admits a Taylor expansion
ρ(z, z) =
∑
IJ
cIJz
IzJ , cIJ ∈ C, I, J ∈ (N ∪ {0})n. (3)
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convergent in the ball B(0, ε). Its complexification is defined by
ρ(z, w) =
∑
IJ
cIJz
IwJ . (4)
If U is a sufficiently small neighbourhood of the origin, the series (4) converges for all z, w ∈ U .
For w ∈ U the complex analytic hypersurface, given by
Qw = {z ∈ U : ρ(z, w) = 0}, (5)
is called the Segre variety (associated with Γ) of the point w. Segre varieties are defined invariantly
with respect to the choice of the defining function ρ(z) of Γ, see [9]. From the reality condition
on ρ it follows that
z ∈ Qz if and only if z ∈ Γ,
and
z ∈ Qw if and only if w ∈ Qz. (6)
Let q ∈ Γ∗. Denote by Lq the unique leaf of the Levi foliation through q. Then the leaf Lq is
contained in the unique irreducible component of Qq. In a small neighbourhood of q this is also
a unique complex hypersurface through q which is contained in Γ.
If 0 ∈ Γ is a singular point of Γ, it may happen that in (5), the function ρ(z, 0) vanishes
identically, and so Q0 = C
n. In this case we say that 0 is a Segre degenerate point of Γ. Segre
degenerate points form a complex analytic subset of dimension at most n−2. In dimension n = 2,
a singular point p ∈ Γ is called dicritical if infinitely many geometrically different leaves of the
Levi foliation have p in their closure. This property (in all dimensions) holds if and only if p is
Segre degenerate, as was proved in [9]. In particular, it means that for n = 2, a point p ∈ Γ is
a dicritical singularity if and only if it is Segre degenerate. It follows from this that in C2 all
dicritical singularities are isolated.
2.3. Singular webs and foliations. In this subsection we recall the definition of a singular web,
a detailed presentation is contained in [10].
We denote by PT ∗n := PT
∗
C
n the projectivization of the cotangent bundle of Cn with the natural
projection pi : PT ∗n → Cn. A local trivialization of PT ∗n is isomorphic to U×G(1, n), where U ⊂ Cn
is an open set and G(1, n) ∼= CPn−1 is the Grassmannian space of linear complex one-dimensional
subspaces in Cn. The space PT ∗n has the canonical structure of a contact manifold, which can
be described (using coordinates) as follows. Let z = (z1, ..., zn) be the coordinates in C
n and
(p˜1, ..., p˜n) be the fibre coordinates corresponding to the basis of differentials dz1, . . . , dzn. We
may view [p˜1, . . . , p˜n] as homogeneous coordinates on G(1, n). Then, in the affine chart {p˜n 6= 0},
with inhomogeneous coordinates pj = p˜j/p˜n, j = 1, . . . , n − 1, the 1-form
η = dzn +
n−1∑
j=1
pjdzj (7)
is a local contact form. Considering all affine charts {p˜j 6= 0} we obtain a global contact structure.
Let U be a domain in Cn. Consider a complex purely n-dimensional analytic subset W in
pi−1(U) ⊂ PT ∗n . Suppose that the following conditions hold:
(a) the image under pi of every irreducible component of W has dimension n;
(b) a generic fibre of pi intersects W in d regular (smooth) points and at every such point q
the differential dpi(q) : TqW → Cn is surjective;
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(c) the restriction of the contact form η on the regular part of W is Frobenius integrable. So
η|W = 0 defines the foliation FW of the regular part of W . (The leaves of the foliation
FW are called Legendrian submanifolds.)
Under these assumptions we define a singular d-web W in U as a triple (W,pi,FW ). A leaf of the
web W is a component of the projection of a leaf of FW into U . Note that at a generic point
z ∈ U a d-web (W,pi,FW ) defines in U near z exactly d families of smooth foliations.
In dimension 2 there is an immediate connection between singular webs and ODEs, which
allows one to determine the value of the integer d. To describe that let U ⊂ C2 be a domain,
and consider a holomorphic function Φ on U × C. It defines a holomorphic ordinary differential
equation on U × C,
Φ(z1, z2, p) = 0 (8)
with z = (z1, z2) ∈ U and p = dz2dz1 ∈ C. This is an equation for the unknown function z2 = z2(z1).
Any singular holomorphic d-web, d ∈ N, can be defined in U by equation (8), where Φ is of the
form
Φ(z, p) =
d∑
j=0
Φj(z)p
j . (9)
The graphs of solutions of (8) are the leaves of W.
2.4. Extension of the Levi foliation and a meromorphic first integral. Let Γ be a real
analytic Levi-flat hypersurface in a domain Ω ⊂ Cn. We say that a holomorphic d-web W in Ω
is the extension of the Levi foliation of Γ∗ if every leaf of the Levi foliation is a leaf of W. In
particular, if d = 1, this defines the extension as a foliation, singular in general. We assume that
at least one leaf of every component of W agrees with a leaf of the Levi foliation; under this
condition the singular web extending the Levi foliation is unique.
The main result of [10] states that if 0 is a Segre nondegenerate singularity of a real analytic
Levi-flat hypersurface Γ, then the Levi foliation of Γ extends as a d-holomorphic web to a full
neighbourhood of 0 in Cn. Thus, every singular point of Γ can be prescribed an integer d: we
say that the origin is a d-branched Segre nondegenerate singularity. If d = 1 we say that the
origin is an unbranched Segre nondegenerate singularity, in this case the Levi foliation extends as
a foliation to a neighbourhood of 0 in the ambient space.
We also need a related notion of a multiple-valued meromorphic first integral. Let X and Y be
two complex manifolds and piX : X ×Y → X and piY : X ×Y → Y be the natural projections. A
d-valued meromorphic correspondence between X and Y is a complex analytic subset Z ⊂ X ×Y
such that the restriction piX |Z is a proper surjective generically d-to-1 map. Hence, piY ◦ pi−1X is
defined generically on X (i.e., outside a proper complex analytic subset in X), and can be viewed
as a d-valued map. In what follows we denote a meromorphic correspondence by a triple (Z;X,Y )
equipped with the canonical projections piX : Z → X and piY : Z → Y .
A multiple-valued meromorphic first integral of a singular d-web W in U is a d-valued mero-
morphic correspondence (Z;U,CP ) with the following property: for a generic c ∈ CP , the set
Rc = piU ◦pi−1CP (c) consists of a finite collection of complex hypersurfaces, and one of the irreducible
components of Rc agrees with some leaf of the Levi foliation. It is proved in [10] that a d-web
extending the Levi foliation near a Segre nondegenerate singularity always admits a meromorphic
first integral. If the singularity is unbranched, then the extending web is a usual singular foliation
and the first integral is a (single-valued) meromorphic function which is constant on every leaf.
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We briefly recall this construction here to explicitly formulate the result needed in this paper.
Let Γ be an irreducible Levi-flat hypersurface with a Segre nondegenerate singular point 0 ∈ Γ.
Then there exists a complex line A ⊂ Cn such that Q0 ∩ A = {0}, A 6⊂ Γsng, and A intersects
every leaf of the Levi foliation near 0. For the unit disc D ⊂ C, let
D ∋ t→ w(t) = (w1(t), . . . , wn(t)) ∈ Cn
be an anti C-linear parametrization of the complex line A. The complexification of the defining
function of Γ as in (4) defines a complex analytic hypersurface near the origin in C2n, and this
defines a complex analytic set
Z = {(z, t) ⊂ U × D : ρ(z, t) = ρ
(
z, w(t)
)
= 0}.
By construction the natural projection pi : Z → U is a proper map with discrete fibres. It is proved
in [10] that pi : Z → U is the first integral of the singular web that extends the Levi foliation
on Γ. In particular, we obtain the following: If the origin is an unbranched Segre nondegenerate
singularity of an irreducible real analytic Levi-flat hypersurface Γ, then there exists a holomorphic
function f : U → V , V ⊂ C, which is constant along the leaves of the Levi foliation on Γ∗.
2.5. Polynomial and rational convexity. Finally, we quickly recall the notion of polynomial
and rational convexity. A compact X ⊂ Cn is called polynomially convex if the polynomially
convex hull
X̂ = {z ∈ Cn : |P (z)| ≤ sup
w∈X
|P (w)|, P is any holomorphic polynomial}
coincides with X. A compactX is called rationally convex if it agrees with its rationally convex hull
defined as the set of all points z ∈ Cn for which one cannot find a complex algebraic hypersurface
that passes through z and avoids X. We say that X is locally polynomially (resp. rationally)
convex at a point p ∈ X, if there exists a neighbourhood basis of p which consists of polynomially
(resp. rationally) convex compacts. It is immediate from the definitions that if a compact X ⊂ Cn
is not rationally convex, then it is not polynomially convex.
It is generally very difficult to determine whether a given compact is polynomially or rationally
convex. One of the convenient tools is Oka’s characterization of polynomial convexity. The
following formulation of Oka’s principle can be found in Stout [11, Cor. 2.1.6]: Let X ⊂ Cn be
a compact set, let Ω be an open set that contains X̂, and let z0 be a point of Ω. The point z0 is
not in X̂ if there exists a continuous family {Vt}t∈[0,1) of principal analytic hypersurfaces in Ω
that diverges to infinity in Ω and that satisfies the conditions that z0 ∈ V0 and Vt ∩X = ∅ for all
t ∈ [0, 1).
3. Proof of the results
3.1. Proof of Theorem 1, (i). We first discuss the case of a regular point on Γ. That a C1-
smooth real hypersurface is polynomially convex iff it is Levi-flat follows from Airapetyan [1].
For a smooth real analytic hypersurface Γ the proof of this is immediate. Indeed, if p is a point
on Γ where the Levi form of Γ does not vanish identically, then there exists a continuous family
of holomorphic discs attached to Γ which contracts to p, see, e.g., Boggess [6] for details. This
implies that p is not polynomially (or even rationally) convex at p. The set of points where the
Levi form has at least one nonzero eigenvalue is a dense opens subset of Γ, and therefore, any
neighbourhood K of any point in Γ has Levi-nonflat points, and so Γ is not polynomially (and not
rationally) convex at any point. The converse can be seen as follows: for any smooth point p on a
real analytic Levi-flat Γ, there exists a neighbourhood of p in Γ which is locally biholomorphically
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equivalent to the hyperplane H given by (2). A convex compact in H is polynomially convex,
which can be easily seen from Oka’s characterization of polynomial convexity, and therefore Γ is
locally polynomially convex at p.
If p ∈ Γ is a singular point of Γ and Γ∗ is not Levi flat, then any neighbourhood K of p in Γ
contains points in Γ∗ where the Levi form has at least one nonzero eigenvalue, and therefore K is
not polynomially (or rationally) convex by the argument above.
The remaining case is that p = 0 is an unbranched Segre nondegenerate singularity of a Levi-
flat Γ ⊂ Cn, n > 1. Recall again that in this context we only deal with Γ = Γ∗ and ignore the
points near which dimΓ < 2n − 1. As discussed in the previous section, Γ admits a holomorphic
first integral, i.e., there exist a open neighbourhood U ∈ Cn of 0 and a holomorphic function
f : U → C that is constant on the leaves of the Levi foliation on Γ∗ ∩ U . Let Y = f−1(f(Γ)).
Then f(Γ) is a 1-dimensional subanalytic set and Y is a subanalytic subset of U of dimension
2n − 1 with Γ ⊂ Y . Without loss of generality we may assume that f(0) = 0. Since the set
f(Γ) ⊂ C is subanalytic of dimension 1, there exists a neighbourhood V of the origin in C such
that f(Γ)∩V consists of finitely many analytic arcs passing through the origin. In particular, the
complement of f(Γ) in V does not contain any connected components that are relatively compact
in V .
Let ε > 0 be so small that B(2ε) ⊂ f−1(V ), and let K = X ∩ B(ε). Clearly, K̂ ⊂ B(2ε). To
prove that K = K̂ we apply Oka’s principle described above. Let q ∈ B(2ε)\Y be arbitrary. The
set f−1(f(q)) is a complex hypersurface in U . By construction, f−1(f(q))∩K = ∅. To construct
the required continuous family of complex hypersurfaces we simply choose a path γ : [0, 1] → C
connecting the point γ(0) = f(q) with a point γ(1) outside f(B(2ε)) such that γ avoids f(Γ). For
each t ∈ [0, 1] the set f−1(γ(t)) is then a complex hypersurface that avoids K and f−1(γ(1)) does
not intersect B(2ε). This shows that q /∈ K̂. If now q ∈ Y \ Γ, then the set f−1(f(q)) contains
several irreducible components at least one of which, say, Sq passes through q. We claim that
Sq∩Γ = ∅. Indeed, if Sq intersects Γ then it intersects one of the leaves of the Levi foliation. From
the positivity of the intersection index of complex varieties it follows that Sq intersects all nearby
leaves of the foliation on Γ, but this is not possible because the leaves correspond to different level
sets of f . As above we may find a path connecting f(q) with a point outside f(B(2ε)) that avoids
f(Γ), which again gives us the required continuous family of complex hypersurfaces. This shows
that K is polynomially convex, and so Γ is locally polynomially convex at the origin.
3.2. Proof of (iii). Suppose now that 0 ∈ X is a Segre degenerate singularity. It suffices to
consider the case n = 2, in which case 0 is an isolated dicritical singularity of Γ. Let U be a
neighbourhood of the origin where all Segre varieties are well-defined. We claim that there exists
a point w0 ∈ U \ Γ such that Qw0 ∩ Γ = {0}. Indeed, let
Σ =
⋃
w∈Γ∩U\{0}
Qw.
Let Γc ⊂ C2z ×C2w be the complexification of Γ, with the coordinate projections piz : Γc → C2z and
piw : Γ
c → C2w. Then
Σ = piz(pi
−1
w (Γ)).
Since the generic fibres of piw and piz have (complex) dimension 1, it follows that dimR pi
−1
w (Γ) = 5,
and dimRΣ = 3. Thus, there exists a point w0 /∈ Σ. Then Qw0 passes through the origin (since
0 is dicritical) but does not contain any other points in Γ. The latter can be seen as follows: if
w ∈ Qw0 ∩ Γ, w 6= 0, then w0 ∈ Qw by (6), but this contradicts w0 /∈ Σ.
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We now translate Qw0 slightly so that the translated hypersurface S intersect smooth points
on Γ. Then the set S ∩ Γ, which is a real analytic set (we may have to add points from the stick
in Γ if it exists), contains a closed real curve. This curve bounds a domain in S because it can
be contracted to a point by shifting S back to Qw0 . This domain is a holomorphic disc which is
attached to Γ. This shows that no neighbourhood of the origin in Γ can be polynomially convex.
Finally, no neighbourhood of the origin can be rationally convex for the following reason: let z
be a point on one of the discs attached to Γ through the above process. If z is not in the rationally
convex hull of a compact neighbourhoodK ⊂ Γ of the origin, then there exists a complex algebraic
hypersurface R that passes through z and avoids K. But R intersects the variety attached to Γ,
and by the positivity of the intersection index for varieties it follows that R either intersects the
whole family of the varieties attached to Γ, and hence passes through the origin, or R intersects
the boundary of some variety, i.e., intersects K. This contradiction shows that K is not rationally
convex.
3.3. Proof of (ii). The following example, discovered by M. Brunella [3], see also [10], shows
that, in general, the Levi foliation of a Levi-flat hypersurface admits extension to a neighbourhood
of a singular point only as a web, not as a singular foliation. Consider the Levi-flat hypersurface
Γ = {z ∈ C2 : y22 = 4(y21 + x2)y21}. (10)
The singular locus of Γ is the set {y1 = y2 = 0}. Its subset given by {y1 = y2 = 0, x2 < 0} is a
“stick”, i.e., it does not belong to the closure of smooth points of Γ. After the complexification we
see that Q0 = {z22 + z41 − 2z2z21 = 0}, and so the origin is a nondicritical singularity. Calculations
in [10] show that the singular web of Γ at the origin in the form of representation (8) can be given
as
p2 = 4z2. (11)
This is precisely the 2-web that extends the Levi foliation of Γ∗. Solving (11) shows that the first
integral of Γ can be taken to be
f(z1, z2) = z1 ±√z2.
Further, the closure of the smooth points of Γ can be given by
{z ∈ C2 : Im (z1 ±√z2) = 0} = {Im (z1 +√z2) = 0} ∪ {Im (z1 −√z2) = 0}.
Consider now the holomorphic polynomial map
F : (w1, w2) 7→ (z1, z2) = (w1, w22).
It is easy to see that F−1(Γ) = Π1∪Π2, where Π1 = {Im (w1+w2) = 0} and Π2 = {Im (w1−w2) =
0}. After a complex linear change of coordinates we may assume that the hyperplanes have the
form Πj = {yj = 0} and their intersection is R2.
We employ a classical construction of complex discs. The domain C2 \ R2 is the union of 4
wedge type domains {τjyj < 0, j = 1, 2}, where τj ∈ {−1, 1}. Consider, for example, the wedge
W = {yj < 0, j = 1, 2}. It is contained in the strictly pseudoconvex domain
Ω = {y1 + y2 + y21 + y22 < 0},
which is biholomorphic to the unit ball. Then there exists a complex curve touching the boundary
bΩ of Ω from outside exactly at the origin. Translating this curve to Ω in the direction of the
inward normal to bΩ and considering the intersections of these complex curves withW , we obtain
a family of complex discs filling W . This family contracts to the origin. Repeating this for other
3 wedges, we obtain the filling of a neighbourhood of 0 in C2 by a family of discs with boundaries
contained in Π1 ∪Π2.
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Now as in the proof of part (iii) it follows that Γ is not locally rationally convex at 0.
3.4. Proof of Corollary 2. If p is Segre degenerate, the result is immediate from Theorem 1(iii).
Suppose that p is Segre nondegenerate. It was proved in [7] and [4] that if the Levi foliation admits,
locally near a singular point p, extension as a foliation, then near p there exists a meromorphic
first integral. On the other hand, by [10], there exists a d-valued first integral, which by the
uniqueness theorem (for example, for complex-analytic sets–graphs of the first integrals), must be
single-valued. Then by Theorem 1(i), Γ is locally polynomially convex at p.
Acknowledgment. We thank I. Kossovskiy for very useful discussions.
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